Abstract: We propose a simple and efficient way to compute quasinormal frequencies of spherically symmetric black holes. We revisit an old idea that relates them to bound state energies of anharmonic oscillators by an analytic continuation. This connection enables us to achieve remarkable high-order computations of WKB series by Rayleigh-Schrödinger perturbation theory. The known WKB results are easily reproduced. Our analysis shows that the perturbative WKB series of the quasinormal frequencies turn out to be Borel summable divergent series both for the Schwarzschild and for the Reissner-Nordström black holes. Their Borel sums reproduce the correct numerical values.
order has been done by Matyjasek and Opala [11] (see also [12] ). While these great computations actually improved approximate values of the quasinormal frequencies of black holes, it seems hard to answer more fundamental questions: Are the WKB series convergent or divergent? Do they receive nonperturbative corrections? Can we reconstruct the exact quasinormal frequencies from their WKB series? Of course, these questions are all interrelated. To answer them, much higher-order data are desirable. The high-order data also provide us more accurate numerical values as a result. In this work, we propose a simple way to do so. It easily reproduces the previous WKB results. We emphasize that the application range of our approach is as wide as that of the WKB approach.
We revisit an old idea originally proposed by Blome, Ferrari and Mashhoon [13] [14] [15] . It is explained in those papers that the quasinormal frequencies of black holes are related to the bound state energies of anharmonic oscillators by an analytic continuation. We find that this connection allows us to use a powerful technique,à la Bender and Wu [16] , in quantum mechanics. Surprisingly, no one has ever applied this famous technique to the computation of the quasinormal frequencies, though it has been known for half a century! Recently, from another motivation in high-energy physics, the Bender-Wu method has been beautifully packaged in Mathematica by Sulejmanpasic andÜnsal [17] . To the author's knowledge, this is now the best tool to look into perturbative series deeply in quantum mechanics. Based on these excellent works, we show that the Bender-Wu method is indeed greatly useful in the computation of the quasinormal modes. By using this method, we can compute the perturbative WKB expansion to extremely high orders. We have reached the 200th order for the Schwarzschild and for the Reissner-Nordström black holes, and one can easily go beyond it, depending on one's CPU power and time constraint. 3 Note that our approach also gives the spectrum of bound states in an associated eigenvalue problem as a bonus.
Such high-order data are useful to clarify the convergence or the divergence of the WKB series at the very quantitative level. We find that the WKB series is almost surely divergent, i.e., its radius of convergence is just zero. The same result has been observed in [11, 12] . Our result gives much stronger evidence. This result is not surprising because in quantum mechanics, in quantum field theories and in string theory, perturbative series are usually divergent. The Borel summation method tells us a lot of important information on exact functions from their perturbative series. In the examples in this paper, the WKB series of the quasinormal frequencies are always Borel summable, and it strongly implies that they do not receive any nonperturbative corrections. As a consequence, we conclude that the Borel summation of the WKB series gives the exact quasinormal frequency.
The organization of this paper is as follows. In the next section, we simply re-derive the WKB results in our approach. We map the problem to Rayleigh-Schrödinger perturbation theory in quantum mechanics. Section 3 is the main part of this paper. We show the Borel analysis for the Schwarzschild and for the Reissner-Nordshtröm black holes. The singularity structure of the Borel transform reveals that the perturbative WKB series are Bore summable divergent series. It implies that the WKB series do not receive nonper- turbative corrections. We can easily perform the Borel summation, and it agrees with the known numerical data with remarkable accuracy. We comment on some future directions in section 4. For the reader who is not familiar with the Borel summation method, we give a brief review in appendix A.
Semiclassical perturbative expansions
In [13] [14] [15] , quasinormal frequencies of black holes are related to bound state energies. There, the relationship was applied to exactly solvable potentials. We stress that this idea is quite general, and it is not restricted to the special application. Here we revisit this relation in a refined way. The similar computation is also found in [18] , but our approach is much more efficient. The obtained result is directly compared with the WKB results in [7, 9, 10] .
Basic idea
Throughout this paper, we focus on spherically symmetric black holes. Black hole perturbation theory leads to the following radial master equation:
where r * is the tortoise variable. The black hole horizon is at r * = −∞, and the spacial infinity is at r * = ∞. We have introduced a formal parameter that characterizes the WKB series. In the language of quantum mechanics, it of course corresponds to the Planck constant, and thus we often refer to the expansion around = 0 as the semiclassical expansion. Usually, is set to be unity. Typically, the potential V (r * ) has a shape shown in the left of figure 1 , and it has a global maximum. Our procedure, however, is not restricted on such typical potentials. In parallel, let us consider the Schrödinger equation with the inverted potential:
It is clear that the inverted potential −V (r * ) has the minimum, shown in the right of figure 1 , and usually has bound states for > 0 and E < 0. We denote its bound state energy by E BS n ( ) (n = 0, 1, 2, . . . ). Now we consider the analytic continuation of . If setting = i , the Schrödinger equation (2.2) with E = −ω 2 formally coincides with (2.1). Therefore, it is expected that the quasinormal frequency ω QNM n at = 1 is simply related to the bound state energy
This is the key equation in our analysis. Of course, to prove (or disprove) this optimistic guess, we have to carefully see how the boundary conditions on both sides are related by the analytic continuation of . Roughly speaking, in the bound state problem, the exponentially decaying solution in r * → ∞ behaves as e − √ −E r * / , and it is analytically continued to the outgoing solution e +iωr * , which is the boundary condition imposed at the spacial infinity for the quasinormal modes. Similarly, the decaying solution e + √ −E r * / in r * → −∞ is continued to the ingoing mode e −iωr * at the horizon. Therefore both the boundary conditions seem to be related appropriately by the analytic continuation. However, this argument is quite intuitive. There is a possibility that the decaying solution leads to a linear combination of the outgoing and the ingoing solutions after the analytic continuation due to the Stokes phenomenon. This phenomenon is invisible as far as one considers asymptotic solutions. The Stokes phenomenon in the WKB method was formulated in the seminal work [19] of Voros, and now known as the exact WKB analysis. We expect that the relation (2.3) is rigorously (dis)proved by the exact WKB analysis, but it is beyond the scope of this work. We currently assume the relation (2.3) without any rigorous proofs. We will check it by comparing the results obtained in this way with the known ones. This is the main goal of this paper.
Let us comment on the difference from the original proposal in [13] [14] [15] . The authors in [13] [14] [15] considered the analytic continuation of the radial coordinates r and r * . To get the inverted potential, one has to do the further analytic continuation of other parameters (mass, charge, etc.) in the potential simultaneously, while the Planck constant is fixed. Here, we rather analytically continue only the Planck constant. Though these two complementary procedures seem equivalent, ours looks much simpler.
Re-deriving WKB results
We start with the Taylor expansion of the inverted potential:
where the inverted potential has the minimum at r * = r 0 * . For our purpose, it is more useful to define r * − r 0 * = √ x, and rewrite the Schrödinger equation (2.2) as
where
We regard the equation (2.5) as an anharmonic oscillator with an infinite number of interaction terms. In this viewpoint, the Planck constant is set to be unity, and plays the role of the coupling constant of the interactions. The standard (but boring) textbook-like method in perturbation theory leads to the expansion around = 0 order by order in principle [18] . Instead, a much more economical way is known [16] . We do not repeat the argument in [16] , but mention that there is a useful Mathematica package 4 [17] to compute the perturbative expansion of the spectrum for a given potential by this method. See these papers in detail. With the help of this Mathematica package, we easily get the following perturbative expansion for the eigenvalue equation (2.5):
where α = n + 1/2. Clearly, the first term is due to the harmonic potential with the frequency √ V 2 . The second term comes from the cubic and the quartic interactions. As in (2.6), the interaction term x k leads to the contribution with order k/2−1 . If one wants to know the perturbative series of n up to the -th order, one needs to compute the Taylor expansion up to the 2( + 1)-th order.
This result should be compared to the WKB result in [9] . To do so, we use the relation Q(r * ) = −E − V (r * ) with ω 2 = −E, and compare the Taylor expansions on both sides. We find
Using these relations and setting = i, one finds that our result (2.7) is in agreement with (1.5a) and (1.5b) in [9] . Even if the function Q(r * ) cannot be divided into the simple form Q(r * ) = ω 2 − V (r * ), we can still regard the constant term Q 0 as the "energy" in the Schrödinger equation. In this case, the extremal point r * 0 , as well as the Tayler coefficients Q (k) 0 , depends on ω.
Borel analysis
The greatest advantage of our approach is that one can push the semiclassical perturbative computation to very high orders. This high-order computation helps us to understand the analytic structure of E BS n ( ) and also ω QNM n ( ). Here we show explicit computations for a few examples. We note that our method is widely applicable for many other cases.
Schwarzschild black hole
For the Schwarzschild black hole, the Regge-Wheeler potential is universally given by V (r *
where the tortoise variable is given by r * = r + log(r − 1). We have set the Schwarzschild mass to be 2M = 1. The cases of s = 0, 1, 2 correspond to scalar, electromagnetic and gravitational perturbations, respectively. We here show the explicit computation for the gravitational perturbation (s = 2) with l = 2. The other cases are completely the same. In this case, the (inverted) potential takes the minimal value at r 0 * = r 0 + log(r 0 − 1),
It is straightforward to compute the Taylor expansion of the potential around r * = r 0 * . To make it easy to see the result, we show approximate numerical coefficients:
−V (r * ) = −0.605147 + 0.0793553δ
+0.000160259δ
6 * − 0.000300182δ
3) where δ * := r * − r 0 * . Of course, one can do this computation by keeping the coefficients analytic. From a practical point of view, it is enough to compute these coefficients numerically, kept sufficiently accurate. Recall that in order to get the -th order perturbative correction to n , the Taylor expansion of the potential up to the 2( + 1)-th order is needed.
In the current case, we can compute it up to any desired order (at least numerically). Once the Taylor expansion of the potential is known, the Mathematica package in [17] automatically computes the perturbative series of n . For example, the perturbative series of the ground state and the first excited state energies to the fifth order are given by To get the quasinormal modes, we finally use the relation (2.3), i.e., ω 2 n = −(V 0 + 2 n ), and set = i. The perturbative series of n up to 5 lead to the following numerical values:
where we have chosen a branch such that Im ω n < 0. These values are compared with the sixth order WKB approximation in [10] , and one finds a precise agreement. Note that from ω 2 n = −(V 0 + 2 n ), the fifth order correction to n corresponds to the sixth order to ω 2 n . Let us write the all-order perturbative expansion of the energy as
How can we get the exact quasinormal frequency from this perturbative series? The answer is not so simple. It turns out that we need a technique in asymptotic analysis. We have computed figure 2 . The same behavior is also observed for excited energies. This terribly growing behavior strongly suggests that (3.6) is a divergent series, as in most quantum mechanical models. This fact is clearly confirmed by looking at singularities of the Borel transform, as we will show below.
Note that the divergent series (3.6) works approximately up to a certain finite order k 0 . Beyond this order, the approximation by (3.6) gets worse. If one regards (3.6) as an approximate expression, one should truncate all the terms beyond the best order k 0 . This is well-known as the optimal truncation. This behavior is crucially different from convergent series. In convergent series, the approximation (inside the convergence circle) gets better and better by computing higher and higher order corrections. This is not true for divergent series. In this sense, it is very important to know whether a considered perturbative series is convergent or divergent.
The perturbative series beyond the optimal order does not work as an approximate expression any more. The reader might think that the higher-order corrections in the perturbative series are useless. This is not the case. There are some ways to improve the approximation. One way is to use Padé approximants, as in [11] . However, it seems difficult in this way to understand the analyticity property of the WKB series, such as the Stokes phenomenon. Moreover, to the author's knowledge, the convergency is unclear when Padé approximants are applied to divergent series. For these reasons, we here use another important method, well-known as Borel summation. The Borel summation is a basic tool in analysis of divergent series. We review this method in appendix A.
As in appendix A, we define the Borel transform of (3.6) by
We denote its analytic continuation by B C [ pert n ](ζ). Then the Borel sum is given by the Laplace transform:
The Borel summed quasinormal frequency is finally defined by
We expect that ω Borel n gives the exact value of the quasinormal frequency. We have the perturbative data up to the 200th order. To perform the Borel summation, we need the analytically continued Borel transform B C [ pert n ](ζ). How do we get it from these finite data? Probably, the Padé approximant is the best solution. 5 Let f [M/N ] (z) be the Padé approximant, with an order-M numerator and an order-N denominator, of a given function f (z). It is well-known that the Padé approximant works even outside the convergence circle, and moreover captures the singularity structure of the original function. 6 Because of this nice property, the Padé approximant is suitable for our purpose. Finally, we perform the Laplace transform (3.8) by replacing pert n ](ζ) with n = 0, 1. We do not find any singularities on the real axis or on the imaginary axis. We conclude that the perturbative expansion (3.6) is Borel summable both for ∈ R and for ∈ iR. We play the same game for other values of l. The Borel-Padé summed quasinormal frequencies are shown in table 1. These values are compared with known results obtained by other methods. We have checked that ours are in excellent agreement with the values obtained by Leaver's method [24] . 5 Note again that in [11] , the Padé approximant was used for the original WKB series, which is divergent.
Here we use the Padé approximant of the Borel transform, which is convergent. As far as we know, the convergency of Padé approximants is guaranteed for convergent series, but we are not sure whether it is so for divergent series. 6 Since Padé approximants are rational functions, they never have branch point singularities. Nevertheless, Padé approximants tell us about branch cuts. A branch cut appears as a cluster of poles. Consider the Padé approximant of log(1 + z 2 ), for instance. It is easy to see in table 1 that the convergence speed of the Borel-Padé summation gets better for larger multipole numbers l and smaller overtone numbers n. This is because our method zooms in the bottom of the inverted potential, and it in general works well for a potential with a deep well. This is a general property in perturbation theory.
If one considers the scalar perturbations (s = 0), things get worse. In the case of l = 0, we get the following slowly convergent value even for n = 0: The precision should be improved by computing further higher order corrections.
Reissner-Nordström black hole
The application to the Reissner-Nordström black hole is almost trivial. In this case, the (odd-parity) potential is given by 12) where s = 1 is the electromagnetic perturbation, and s = 2 is the gravitational perturbation. As in the Schwarzschild case, the mass is set to be 2M = 1. The parameters q ±1 are defined by
The tortoise variable is given by
In the limit Q → 0, the potential reduces to the Schwarzschild case. In the limit Q → 1/2, the black hole becomes extremal. Since r + = r − = 1/2 in this limit, we have to use the following expression:
The remaining computation is completely the same as the non-extremal case. Note that Leaver's method [25] does not work in the extremal case. One needs a modification [26] . Our approach has no difficulties in this limit. We repeat all the computations that are done in the Schwarzschild case. The Borel transform does not have any singularities on the positive imaginary axis again. The BorelPadé sums for the l = 2 mode in the gravitational perturbations with Q = 1/5, 2/5, 1/2 are shown in table 2. We have compared these numerical results with the known available data in [11, [25] [26] [27] , and find perfect agreement.
Summary
In this paper, we propose a simple procedure to get the quasinormal frequencies of spherically symmetric black holes by combining two old ideas in [13] [14] [15] [16] . Our recipe consists of the following four steps: Table 2 . The Borel-Padé summed quasinormal frequencies with l = 2 in the odd-parity gravitational perturbations of the Reissner-Nordström black hole. We show only the reliable stable parts of the numerical values. These values are consistent with all the available data up to now in the literature. The case of Q = 1/2 corresponds to the extremal black hole. The second step is most non-trivial, but the recent Mathematica package in [17] automatically does it! The high-order computation revealed that the perturbative series of the quasinormal frequencies are divergent and more importantly Borel summable. This strongly supports that the Borel summed frequency ω Borel n gives the exact quasinormal frequency. We indeed confirmed that the Borel-Padé summation precisely reproduces all the known results. Though we showed the explicit computations only for the Schwarzschild and for the Reissner-Nordström black holes, our procedure must be widely applicable, as the WKB approach is so. A simple way is to apply our method to deformations of the Schwarzschild potential [28] .
In this work, we focused on the behavior near the top (or the bottom) of the potential (or the inverted potential). This restriction makes it hard to obtain the accurate values of the quasinormal frequencies ω n with high overtone numbers n. In addition, the convergence of the Borel-Padé summation of ω n in the scalar perturbations is quite slow because of the shallow well of the inverted potential. These difficulties are probably resolved in the approach in [8] . In bound state problems, the energy spectrum is approximately obtained by Bohr-Sommerfeld quantization conditions. These quantization conditions are improved by taking into account high-order quantum corrections [29] . 7 The same is true for quasinormal modes. Quantum corrected Bohr-Sommerfeld conditions are found in [8] . However, even for the Schwarzschild black hole, their exact forms have not been known. It would be significant to discuss the Borel analysis for the quantization conditions in [8] .
Finally, our method heavily relies on the assumption (2.3). Though we have tested it for a few examples, it is important to (dis)prove the assumption (2.3) rigorously. As already mentioned before, we have to care about the Stokes phenomenon. This problem should be solved by understanding an evolution of (anti-)Stokes curves in the r * -plane (or in the r-plane) from arg = 0 to arg = π/2. The similar evolution in the pure quartic oscillator is found in [19] . this case. If a perturbative expansion is Borel non-summable, there is an ambiguity to define modified Borel sums. We have to add nonperturbative corrections to cancel out the ambiguity. The perturbative sector and the nonperturbative sector are interrelated in a non-trivial way. In fact, the equations (A.6) and (A.7) can be regarded as a constraint to nonperturbative corrections if we know the perturbative part. This is why the Borel summation is important both in mathematics and in physics. See [31, 32] in more detail.
